gave an algorithm for computing p-adic heights on elliptic curves E over Q for good, ordinary primes p ≥ 5. Their work makes essential use of Kedlaya's algorithm [3] , where the action of Frobenius is computed on a certain basis of the first de Rham cohomology of E, with E given by a "short" Weierstrass model.
Introduction
In 2006, Mazur, Stein, and Tate [4] gave an algorithm to compute the canonical cyclotomic p-adic height of a rational point on an elliptic curve E over Q, assuming that p ≥ 5 is a prime of good, ordinary reduction. This height plays a key role in the statement of the p-adic Birch and Swinnerton-Dyer conjecture, where the p-adic regulator is the determinant of a matrix of p-adic height pairings on the free part of the Mordell-Weil group.
Their work uses an interpretation of the p-adic sigma function as the solution to a certain p-adic differential equation, which involves a constant given by a special value of the p-adic modular form E 2 (E, ω), where ω is the invariant differential on E. One of their key observations was that this constant could be computed very quickly in terms of the action of Frobenius on H 1 dR (E), the first de Rham cohomology group of E, by using Kedlaya's algorithm [3] . More recently, Harvey [2] showed that the linear dependence on p in Kedlaya's algorithm could be reduced to √ p, and in turn, gave a faster algorithm to compute p-adic heights, along with bounds on padic precision necessary to ensure that the algorithm produced a certain number of provably correct p-adic digits. These algorithms use Kedlaya's algorithm by working with the basis dx y , x dx y of H 1 dR (E), with E given by a "short" Weierstrass model y 2 = x 3 + ax + b. To use Kedlaya's algorithm, the given model of the curve must be smooth at p, which potentially presents an obstruction to the method of Mazur-Stein-Tate and Harvey at the prime p = 3. However, Kedlaya's algorithm was, in fact, originally formulated in greater generality, and can be applied to hyperelliptic curves over Q of the form 2010 Mathematics Subject Classification. Primary 11G50, 11Y40.
Note that when the models of the curves change, the basis elements of de Rham cohomology used in Kedlaya's algorithm change as well. The problem then is to relate the Frobenius action computed on a basis of de Rham cohomology on this more general model of the curve to the matrix of the Frobenius action on the desired basis of cohomology, which is used to compute p-adic heights.
In this paper, we apply Kedlaya's algorithm to the elliptic curve y 2 = x 3 +a 2 x 2 + a 4 x + a 6 to compute the matrix of Frobenius and use it to deduce the matrix of Frobenius on a model of the form y 2 = x 3 + ax + b. This allows us to recover the matrix of Frobenius action on a model that is not necessarily smooth at p = 3 and in particular, allows us to extend the work of [2] , [4] to the computation of 3-adic heights on elliptic curves.
One minor subtlety introduced by this method is that a quantity used to compute the special value of E 2 (E, ω) is no longer guaranteed to be a p-adic unit. We examine its valuation and use this to formulate our bounds on p-adic precision.
The structure of this paper is as follows: in Section 2, we give an overview of the method of Mazur-Stein-Tate and Harvey and discuss the role of Frobenius via Kedlaya's algorithm. In Section 3, we give an explicit formula relating the Frobenius action on the short Weierstrass model to the Frobenius action on a more general model of the elliptic curve. In Section 4, we discuss the 3-adic precision that must be maintained throughout the calculation to give a certain number of correct digits in the height calculation. Section 5 presents a selection of examples of 3-adic regulators and uses this to give examples of compatibility with the 3-adic Birch and Swinnerton-Dyer conjecture in higher rank.
p-adic heights after Mazur-Stein-Tate
We begin by fixing some notation. Let E be an elliptic curve over Q given by a minimal Weierstrass model
with invariant differential ω = dx 2y+a1x+a3 . Let p be an odd prime of good ordinary reduction for E. Let E denote the Néron model of E over Z.
Since Z is a unique factorization domain, the coordinates of any non-zero point P = (x(P ), y(P )) ∈ E(Q) can be uniquely written in the form
Suppose P ∈ E(Q) is a non-torsion point that reduces to 0 ∈ E(F p ) and to the connected component of E at all bad primes . The cyclotomic p-adic height of P , h p (P ) can be computed by taking
where σ p is the p-adic sigma function [5] , which we will discuss in greater detail below.
The height function h p extends uniquely to a function on the full Mordell-Weil group E(Q) that satisfies h p (nQ) = n 2 h p (Q) for all integers n and Q ∈ E(Q). We obtain a pairing on E(Q) by setting
Note that this gives us h p (P ) = 1 2 P, P p . The p-adic regulator of E is the discriminant of the height pairing on the free part of the Mordell-Weil group E(Q).
The p-adic sigma function σ p is the unique odd function in
satisfying the differential equation
where c is the constant a
and where
] is the local coordinate expansion of x at infinity. Now, assuming that p ≥ 5, one does the following: fix a "short" Weierstrass model for the given elliptic curve of the form
(where a and b are chosen so that E short is isomorphic to E over Q), consider the basis {dx/y, xdx/y} of H 1 dR (E short ), and compute the matrix F of Frobenius, via Kedlaya's algorithm, with respect to this basis. Let F N be the N th power of F , with entries as follows:
and since E short was chosen 1 to be isomorphic to E, this yields
Given an arbitrary elliptic curve, its model of the form (2.2) is not necessarily smooth at p = 3, which poses an obstruction to the method described above. In particular, Kedlaya's algorithm assumes that the model of the curve given as input is smooth at p.
However, when p = 3, Kedlaya's algorithm can be easily run on a different input model of the curve, namely, that of the form y 2 = x 3 + a 2 x 2 + a 4 x + a 6 . Then by computing the matrix of Frobenius F on the basis {dx/y, xdx/y} of differentials on this model of the curve and computing the change of basis to the differentials on the short Weierstrass model to obtain the matrix F with respect to this basis, one can recover E 2 (E short , ω) as before. We give a precise statement of this result in the following section.
1 Note that if a different model was chosen with discriminant different by a factor of u 12 , then E 2 would need to be rescaled by u 2 , since E 2 is of weight 2.
3. Change of basis: the models and differentials Proposition 3.1. Let E be an elliptic curve given by the model y 2 = x 3 + a 2 x 2 + a 4 x + a 6 , and suppose a 2 = 0. Let { Consider the change of variables
Then the matrix of Frobenius on H This yields
Likewise, we have
and also, since
This yields
Using this proposition, we can compute 3-adic heights:
Algorithm 3.2 (Computing 3-adic heights).
Input: Elliptic curve E/Q that is good and ordinary at 3, given by a minimal Weierstrass model, and P ∈ E(Q) Output: The 3-adic height h 3 (P ) Algorithm:
(1) If the input model is not already of the form y 2 = f (x), change models, ensuring that the new model is smooth at 3. Compute E 2 (E short , ω ) using the above, and adjust for the change of variables to deduce E 2 (E, ω). (5) Compute the 3-adic sigma function σ 3 (t) using this value of E 2 (E, ω) (as in [4] ). (6) Compute an appropriate multiple Q = nP , evaluate the sigma function σ 3 (Q), and the denominator function d(Q) (as in [4] ).
Precision analysis
We begin by extending Theorem 1 of Proof. We point out the modifications needed to generalize Harvey's proof to the case p = 3. The first step in the computation of E 2 (E, ω) is the computation of the matrix of Frobenius on E short .
Let F denote the matrix of Frobenius on E short , with entries
To compute p-adic heights, we must formulate a precise statement on the precision of the quantity 
Let us denote the entries of 
For the second case, suppose that v p (D 1 ) = 1. Note that we may rewrite
is a p-adic unit. Thus we have 
So the lemma above tells us that E 2 (E, ω) can be computed to precision Recall that computing σ p (t) modulo I N simply means that we are computing the coefficient of t k modulo p N −k for each k = 1, . . . , N − 1. Also note that for N < 4, computing σ p (t) modulo I N is trivial, as observed in [2, §4] , since s 2 (see (2.1)) is merely given by Proof. With notation as in [2] , we merely need to adjust one error bound to account for the prime p = 3. Indeed, by [2, Prop 5] , for 1 ≤ j < N , the coefficient of t j in h − h has valuation at least N − 3 − log p j , where log p is the base p logarithm. This tells us that the coefficient of t j in (ĥ − h) has valuation at least
Therefore the coefficient of t j in exp( (ĥ − h)) − 1 has valuation at least
. Since we now have p ≥ 3, we have
for all j ≥ 2, which is obtained by estimating the left hand side for p = 3. This shows us that the t j coefficients ofθ(t) and θ(t) agree modulo p N −j−3 for 2 ≤ j < N . This holds for j = 1 also, because of the extra condition of the constant term of h(t) imposed by Proposition 5. In other words, we haveθ −θ ∈ I N −3 . In particular, the coefficients ofθ are integral up to O(t N −3 ) and the hypotheses of [2, Prop 6] are satisfied with k = N − 4, n = N − 3.
Examples
Here we give numerical examples of 3-adic regulators and show compatibility with the 3-adic Birch and Swinnerton-Dyer conjecture. To do this, we renormalize 2 the height function as was done by Harvey [2] , which amounts to a rescaling by −2p. That is, we compute
Recall the statement of the p-adic Birch and Swinnerton-Dyer conjecture:
. Let E/Q be an elliptic curve and p a prime of good ordinary reduction. Then the Mordell-Weil rank of E equals ord T (L p (E, T )) and
where L * p (E, 0) is the leading coefficient of the p-adic L-series L p (E, T ), α is the unit root of the characteristic polynomial of p-power Frobenius, and γ is the topological generator for Z × p .
The elliptic curves given below, which are good and ordinary at p = 3, were chosen because they are the curves of smallest conductor having good ordinary reduction at p = 3 for their respective ranks. , which we use to compute the 3-adic regulator. We compute the following quantities:
The difference between the two sides of (5.1) is O(3 8 ).
Example 5.3 (Rank 2). Let E be the elliptic curve y 2 + y = x 3 + x 2 − 2x, with Cremona label '389a'. It is isomorphic over Q to the model y 2 = x 3 + x 2 − 2x + The difference between the two sides of (5.1) is O(3 6 )
Remark 5.5. For the first curve, the order of the Shafarevich-Tate group X is known to be 1 by [7] . For the other two curves, the order is conditional on the classical Birch and Swinnerton-Dyer conjecture. Note that all three curves are anomalous at p = 3.
For further examples of 3-adic heights on elliptic curves over number fields and an application to computing Heegner L-functions, see [1] .
